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Abstract 

Electric-magnetic dualities are equivalence between strong and weak coupling 
constants. A standard example is the exchange of electric and magnetic helds in 
an abelian gauge theory. We show three methods to perform electric-magnetic du¬ 
alities in the case of the non-commutative 17(1) gauge theory. The first method 
is to use covariant held strengths to be the electric and magnetic helds. We hnd 
an invariant form of an equation of motion after performing the electric-magnetic 
duality. The second method is to use the Seiberg-Witten map to rewrite the non- 
commutative 17(1) gauge theory in terms of abelian held strength. The third 
method is to use the large Neveu Schwarz-Neveu Schwarz (NS-NS) background 
limit (non-commutativity parameter only has one degree of freedom) to consider 
the non-commutative 17(1) gauge theory or D3-brane. In this limit, we introduce 
or dualize a new one-form gauge potential to get a D3-brane in a large Ramond- 
Ramond (R-R) background via held redehnition. We also use perturbation to study 
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the equivalence between two D3-brane theories. Comparison of these methods in 
the non-commutative U{1) gauge theory gives different physical implications. The 
comparison reflects the differences between the non-abelian and non-commutative 
gauge theories in the electric-magnetic dualities. For a complete study, we also 
extend our studies to the simplest abelian and non-abelian p-form gauge theories, 
and a non-commutative theory with the non-abelian structure. 
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1 Introduction 


The M-theory provides useful dualities to unify different kinds of theories and helps us 
to understand supergravity solutions [1]. In low-energy limit, the ten dimensional super¬ 
gravity has the T-duality and S-duality. The T-duality is a duality on a target space. 
The T-duality of closed string theory [2] exchanges the momentum and winding modes, 
and the T-duality of open string theory exchanges the Dirichlet and Neumann boundary 
conditions. The T-duality requires an isometry on a compact torus, but a generic back¬ 
ground does not always have an isometry in closed string theory. In other words, the 
T-duality maps single valued helds to non-single valued helds and we lose periodicity of 
the background. Then we obtain the non-geometric flux after performing the T-duality 
twice in the case of constant if-flux. This mapping gives rises to a problem on quantum 
dynamics. The solution is to use a double space to construct a well-dehned transition 
function as a diffeomorphism in closed string theory [3]. With a global symmetry de¬ 
scription, we sacrihce local symmetry in the double space. Local symmetry in the double 
space is still possible, but difficulties come from the closure of the generalized Lie deriva¬ 
tive. This double construction is also extended to open string theory, and has also been 
applied to cosmology [4-6]. These formulations rely on geometric constructions from the 
Courant bracket or generalized geometry [7]. This bracket comes from the combination of 
tangent and cotangent bundles. A theory in a double space with the strong constraints 
(removing additional coordinates) is equivalent to a theory with the Courant bracket. 
The S-duality is a non-perturbative duality by exchanging the strong and weak coupling 
constants. In four dimensional electromagnetism, we have an electric-magnetic duality 
between electric and magnetic helds. This duality is a special case of the S-duality. A 
problem with the S-duality is that it is hard to be performed exactly due to some issues 
involving strong couplings. At low-energy level, one successful example is a low-energy 
effective theory with a non-commutativity parameter (inversely proportional to antisym¬ 
metric backgrounds) being a perturbative parameter [8]. The extension of duality from 
ten dimensional supergravity to eleven dimensional supergravity is the U-duality com¬ 
bining T-duality and S-duality. The manifest U-duality is studied in [9] using extended 
coordinates. 

String theory is described by a two dimensional sigma model. On bulk, the sigma 
model describes gravity. When we impose the Dirichlet and Neumann boundary con- 
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ditions on the sigma model, the boundary term comes from the gauge principle. This 
boundary term gives a picture of open string ending on a D-brane. The ending point 
of the open string shows the non-commutativity. Non-commutative geometry is natu¬ 
rally hidden in string theory. The low-energy effective theory [8,10-13] of open string 
is the Dirac-Born-Infeld (DBI) model. In the DBI model, we have the Seiberg-Witten 
map that maps the commutative theory to the non-commutative theory. In the non- 
commutative description, the leading order term in the action is a non-commutative 
U{1) gauge theory with the Moyal product. The Moyal product captures all the effects 
of the non-commutativity parameters. We hnd an alternative way to examine the string 
theory. Now we have many different kinds of non-commutative geometry generalized 
from the DBI model. This generalization helps us to hnd more interesting held theories 
and constrain our low-energy ehective held theories from the non-commutative geometry. 
The hrst example is the Nambu-Poisson M5 (NP M5) brane theory. This theory describes 
a M2-M5 system in the large C held background (only three spatial components) on the 
non-commutative space at low-energy level [10]. Based on dimensional reduction, we hnd 
a Dp-brane in the large (p-l)-form background [11] and a Dp-brane in the large NS-NS 
two-form background. Especially for p = 3, the S-duality relation to all orders is found 
in [8]. According to the dualities, we hnd the S-duality relation and the non-commutative 
geometry on the R-R background. The second example is the non-commutative geom¬ 
etry in closed string theory. The Seiberg-Witten map and the Moyal product in the 
DBI model rely on one-form gauge transformation. A low-energy ehective theory of the 
double sigma model shows a combination of two-form antisymmetric background held 
and two-form held strength on boundary and bulk [5,6]. We have the one-form gauge 
transformation on the bulk in the low-energy ehective theory without using the strong 
constraints. This shows a non-trivial existence of the Seiberg-Witten map and Moyal 
product on the bulk. The non-commutative geometry in open string theory can easily 
describe all background ehects from the Moyal product in the non-commutative descrip¬ 
tions. We should obtain all a' ehects from the Moyal product or the non-commutative 
geometry. 

A low-energy ehective theory of open string at leading order is the abelian Yang-Mills 
theory. The abelian Yang-Mills theory in four dimensions at classical level describes the 
famous Maxwell’s equations. This theory has local gauge symmetry, and its equation 
of motion is gauge invariant. An extension of a gauge principle from the abelian gauge 
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group to the non-abelian gauge group gives the non-abelian Yang-Mills theory. An ordi¬ 
nary derivative operator in the abelian Yang-Mills theory becomes a covariant derivative 
operator in the non-abelian Yang-Mills theory. The gauge invariant property of the held 
strength and equation of motion are modihed accordingly. The non-abelian Yang-Mills 
theory has a gauge covariant held strength and a corresponding equation of motion. The 
gauge principle also helps us to hnd open string. Local gauge symmetry has a very long 
history in aiding the construction of new theories and simplifying our analysis. But lo¬ 
cal gauge symmetry has its own loophole due to redundant descriptions. This situation 
implies that local gauge symmetry is too restricted. We never observe gauge symmetry 
in our nature. The observed fact is that photon has two polarization states. Violating 
the local gauge symmetry is not equivalent to violating our experimental results. An 
interesting symmetry constraint should contain physical information and should not be 
too restrictive to kill oh interactions. Global symmetry is a good candidate. When we 
gauge hx a theory, the gauge hxing term does not break the global symmetry. The 
global symmetry gives more structures and the Noether currents to our theories. The 
Noether currents are important ingredients for the conserved quantities. Double held 
theory combines diheomorphism and one-form gauge transformation to form an 0{D, D) 
global structure in a double space. This is an example to dehne the T-duality in a generic 
background from global symmetry to avoid isometry problem. Electric-magnetic duality 
for the abelian group in four dimensions only exchanges electric and magnetic helds. This 
is a rotation-like symmetry so electric-magnetic duality should be the global symmetry 
in the abelian gauge theories. Global symmetry is a physical symmetry, so a full study 
of electric-magnetic dualities should be interesting. 

We use three methods to study electric-magnetic dualities in the non-commutative 
f/(l) gauge theory. The hrst way is to use covariant held strength as the electric and 
magnetic helds. The second method [14] is to use the Seiberg-Witten map to change 
variables in terms of the abelian held strength. This result is interesting because the non- 
commutative U{1) gauge theory has a non-abelian-like structure which comes from the 
Moyal product. This structure should forbid us to perform the electric-magnetic duality. 
The Seiberg-Witten map helps us to rewrite the non-commutative U{1) gauge theory 
in a suitable form to perform the electric-magnetic duality. This method sheds light on 
hnding some hidden symmetry structures to understand the electric-magnetic dualities 
in the non-abelian gauge theories. The third method is to consider the large NS-NS 


3 


and R-R background limit. In these limits, a D3-brane in the large NS-NS background 
is equivalent to a D3-brane in the large R-R background under the electric-magnetic 
duality. We use held redehnition and perturbation to check the electric-magnetic duality 
in this method. Although they give different physical interpretations in these methods, 
they are all interesting to find mappings between a strongly and weakly coupled gauge 
theories. The non-commutative U{1) gauge theory is a good toy model to study electric- 
magnetic dualities. Although this theory does not have a non-abelian gauge group, the 
Moyal product produces a non-abelian-like term. The electric-magnetic dualities are very 
different between the abelian and non-abelian gauge theories. Equations of motion do 
not depend on gauge potentials in abelian gauge theories, but equations of motion in non- 
abelian gauge theories do. A standard electric-magnetic duality is to exchange the electric 
and magnetic fields. If equations of motion depend on gauge potentials, the standard 
electric-magnetic duality should not work. A direct generalization should exchange the 
gauge potentials to find a dual action at quantum level [15]. We can also put the gauge 
and dual gauge fields together to find the manifest electric-magnetic duality in an abelian 
gauge theory [6]. This direct generalization is our first method. This method can be 
performed in the non-commutative U{1) gauge and non-abelian Yang-Mills theories. The 
electric and magnetic fields in the non-abelian gauge and non-commutative U{1) gauge 
theories are covariant objects. They are not gauge invariant as abelian gauge theories. In 
abelian gauge theories, electric and magnetic fields are physical observables. A magnetic 
monopole solution in the abelian Yang-Mills theory should be detectable if magnetic 
monopoles exist in our nature. But the magnetic monopole solution for field strength in 
the non-abelian Yang-Mills theory is not a detectable observable. In our first method, 
we can find more differences between abelian and non-abelian gauge theories. In abelian 
gauge theories, we have a restriction on dimensionality from the Poincare lemma. But we 
do not have the Poincare lemma in non-abelian gauge theories. We lose a restriction on 
dimensionality. This feature possibly reflects the fact that the electric-magnetic dualities 
have different interpretations in interacting theories. The second and third methods 
are also suitable in the non-commutative U{1) gauge theory. A good property of these 
methods is that we have a restriction on dimensionality for the non-commutative U{1) 
gauge theory. But they cannot be extended to the non-abelian gauge theories. The second 
and third methods imply that the non-abelian-like term in the non-commutative U{1) 
gauge theory is still different from the non-abelian term in the non-abelian Yang-Mills 
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theory. We compactify 2-torus in the multiple M5-branes theory, then we should obtain 
two D3-branes with different backgrounds arising from the ordering of compactification. 
There is S-duality or electric-magnetic duality between two theories. More suitable and 
consistent electric-magnetic dualities should help us to probe a consistent multiple M5- 
branes theory. We will point out the difficulty in our studies. For a generic study and 
completeness, we also define the electric-magnetic dualities in the simplest p-form gauge 
theory with the abelian and non-abelian gauge groups, and a non-commutative theory 
with the non-abelian structures. 

We first review the electric-magnetic duality of the abelian and non-abelian Yang-Mills 
theories in Sec. 2. Then we give three ways to perform the electric-magnetic dualities 
of the non-commutative U{1) gauge theory in Sec. 3. The extension of the electric- 
magnetic duality of the p-form gauge theory with abelian and non-abelian groups, and a 
non-commutative theory with a non-abelian structure are in Sec. 4. Finally, we conclude 
and discuss in Sec. 5. 

2 Review of the Electric-Magnetic Duality in the 
Abelian and Non-Abelian Yang-Mills Theories 

We review the electric-magnetic dualities for the abelian and non-abelian Yang-Mills 
theories [15] in this section. The electric-magnetic dualities in the abelian and non- 
abelian Yang-Mills theories exchange the gauge and dual gauge fields. The gauge field in 
the equations of motion is simply replaced by the dual gauge field under electric-magnetic 
duality. A difference between the two theories is a restriction on dimensionality from the 
Poincare lemma. This restriction only exists in the abelian gauge theory. Since the non- 
abelian structure contains an interaction term, the Poincare lemma is no longer valid to 
constrain dimensionality. In the non-abelian Yang-Mills theory, this approach has one 
advantage that the electric and magnetic fields are the covariant field strengths. 


2.1 Abelian Yang-Mills Theory 

The abelian Yang-Mills theory is 



( 1 ) 
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where and qym is gauge coupling constant. We denote spacetime 

indices by the Greek letters. 

We introduce an antisymmetric auxiliary held, this action is written as 


j d^x 

= J d^x -G^’'{d^A,-d,A^)y 


Then we integrate out A to obtain 


PGexp 


/ d^x G^,G^ 


' 51 d^G^^’' 1. 


Because of 


Q^Gt^u ^ = 0 , 


we get 


G/j^u — d^Ay — dyAfj, 

from the Poincare lemma. Solving the delta function, we obtain 

J G^,G^\ 

At classical level, we hnd 


d^F^'^ = 0 M = 0. 


( 2 ) 

(3) 

(4) 

(5) 

( 6 ) 

(7) 


This is the familiar electric-magnetic duality without source. We use the Poincare lemma 
to obtain the restriction on dimensionality. However, we have another method to perform 
the electric-magnetic duality for the abelian Yang-Mills theory in all dimensions. We start 
from 


PGexp 


^9ym / <F^ G^^G^'^ 


<51 d^G^'^ 


Then we introduce an auxiliary held A to rewrite the partition function as 


VGVAexp 


VGVAexp 


tg^yj^ / d^x - 2d,A,G'^'^ 


igl^ J d^x (g^^G^’^ - {d^A, - d,A^)G^’^ 


( 8 ) 


(9) 
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( 10 ) 


Hence, we integrate out to obtain 

j d^x 

Because we do not use the Poincare lemma to perform the electric-magnetic duality, we 
can use this method to extend the electric-magnetic duality from four to all dimensions. 
We will also apply this method to the non-abelian Yang-Mills gauge theory. 


2.2 Non-Abelian Yang-Mills Theory 


The action for the Non-abelian Yang-Mills theory is 

%AB ^ 


^9ym 


(fx 


( 11 ) 


where + [H^, Ay^. We dehne [H^, AyY = f°'^‘^A^^Al, and denote the 

Lie algebra indices from a to 2 ;. By introducing an antisymmetric auxiliary held 
this action can be written as 

f d‘x - G'‘“-“f;„) 


= / (Tx 


- G'“-’“ ( d,Al - a,Al + A' 


= d'x { gi-MG°Gi“'-‘ + 2G'“'’“c)„A“ - A"J'^Gi“'’'‘Al 


( 12 ) 


= J d'x I Jy„G;„G'"'-“ - 2d^G‘^-‘‘Al - /lp“G'“'-“/l) 

The action is quadratic in A, then we can integrate it out in path integral by using the 
Gaussian integral 

J Vx .s 

The partition function becomes 


det M 




(13) 


VG ( det M) 2 exp 


ig^y^ / d^x [G%G^''^^ + d,G^^’\M-X^d^G 


"iuX.b 


where dehne = — (M Therefore, G^'" 

satishes an equation of motion 

dyG^^''^ + = dyG’^^’^ + = dyG^^''^ - = 0 - 

(14) 
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Now, we consider 


d^x = / d^x 


= / d^x 


+ f^bcQ^u,a^b^ 


c 

/i" "u 


d^x ( 


= / 




where = gYMf°‘^^- Therefore, the partition function becomes 


VGVA (det M)“2 exp 


i^M / (i-x G;„G'“'-“-G>“''“f;„(A) 




i 2A“+2(M-‘)“t9,G‘''’''> , 




(15) 

where the factor 2 in the delta function is introduced for convenience. We can write the 
delta function in exponential form. For the convenience of integration, we can write the 
delta function in the other way as 


S(2A + 2M-^dG) = 6 (^M-\2MA + 2dG)j . 
This extracts a factor of det M out of the delta function. Then we get 


VGVAVA (det M) 2 exp 


(16) 


Jj?-„ / d^x ( G;„G'“'’“-G'“'’“f;„(i)+2A;(M'"'-“''i‘+3,G'"’.“ 

(17) 










The last bracket in the exponential can be simplihed as 


2 d^x i 


= 2 I d^x i - dpklG^P’^ 


= 2 d^xi Kg^y^nG^^^^Al - dpKG^^^^ 


= 2 d^x 




-2 j d^x (G>^‘''^{Dl^^Ap) 

2 [ d^x (G^^’^’^{Dl^^A^y\ 


(18) 


Substitution of this term into (17) gives 


Z VG (detM )2 / VAVA exp 


'^ 9 ym d X 




(19) 


Let us change the variable to A^ = Ap — A^. The held strength can be written as 


F^M) =dAK + K) - dMl + K) + + K) 

=d,Al - d,Al + r'^A^Ai 
+ 5„A; - a,A; + 2/“‘M‘AS + /“‘"iSA‘ + /“"A* AS 
=F;AA) + D^AI - d'AIAI + r‘“A‘AS. (20) 
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Thus, we obtain 


Z VG (detM )2 / VAVK exp 


idvM / 




flU 


= / VG (det M) 2 / VA exp 


I d^x 


X / VA exp ( r^%Al 


= / PG (det M) 2 / DA exp ifi'yM / d^x 


X / DA exp ( - iglj^AlM^'^’^^Al 




DGDA exp 


d^x G^^’“ G“ -F“(i) 


fl U 


( 21 ) 


To get the last line, we integrate the held A out and get a factor of (det which 

cancels (detM)^/^. This result shows the covariance of the partition function by com¬ 
paring the partition functions. We equivalently obtain 

= 0 ^^ = 0 ( 22 ) 


at classical level. In the non-abelian Yang-Mills theory, the equation of motion depends 
on the gauge potential. The abelian Yang-Mills theory only relies on the held strength 
at classical level. In the abelian Yang-Mills theory, we can use the the Poincare lemma 
to perform the electric-magnetic duality at classical level. But we cannot do in the non- 
abelian Yang-Mills theory because the equation of motion is related to a gauge potential. 
This shows that the electric-magnetic duality is more delicate in the non-abelian Yang- 
Mills theory than in the abelian Yang-Mills theory. Although we consider four dimensions 
in the case of the non-abelian Yang-Mills theory, we can extend from four dimensions to 
arbitrary dimensions. Since we do not have the Poincare lemma at the non-abelian level, 
there is no constraint on the number of dimensions. In this method, we use covariant 
held strength to be the electric and magnetic helds. The covariant quantities are not 
physical quantities. This property points out one difference of the electric-magnetic 
duality between the non-abelian and abelian gauge theories. 
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3 Electric-Magnetic Dualities in the Non-Commutative 
U{1) Gauge Theory 

We use three methods to perform the electric-magnetic dualities for the non-commutative 
17(1) gauge theory. The first approach is to use the covariant held strength to be the 
electric and magnetic helds. Then we will obtain a similar answer like in the non-abelian 
Yang-Mills theory. The non-commutative 17(1) gauge theory has a non-abelian-like struc¬ 
ture which comes from the Moyal product so we should obtain a similar answer for the 
electric-magnetic duality. The second method is to implement the electric-magnetic du¬ 
ality by the Seiberg-Witten map. This map transforms a non-commutative theory to 
a commutative theory. In the third method, we consider the large background limit to 
perform the electric-magnetic duality from held redehnition and perturbation. In these 
three methods, we can observe that the non-commutative 17(1) gauge theory is diherent 
from the non-abelian Yang-Mills theory because the second and third methods cannot 
be applied to the non-abelian Yang-Mills theory. 

3.1 The First Method 

The action for the non-commutative 17(1) gauge theory is 

■SnC = -73- [ Y * 1'“'', (23) 

where = d^Ay — dyA^ -|- [A^^AyA is a non-commutative held strength, A is the 
non-commutative gauge potential, and * is the star product. The star product is dehned 
by 

( Q^U j _ _V \ 

— d yjB, 

[A, BA = A*B-B*A, (24) 

where 6'^'^ is a constant non-commutativity parameter. In string theory, the non-commutativity 
parameter is inversely proportional to a B-held background if the B-held background is 
large. 

By introducing an antisymmetric auxiliary held Gfj^y, this action can be rewritten as 

^ = J d^x * F^y') . (25) 
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Using a formula 


the action becomes 


d^x f *g= / d'^x fg, 


(26) 






= / d'^x 


d^x 


qImG^uG^^^ - - d,A^ + [A^, A,l 

1 


gvMG.uG^'^ - G^^ 


df^A^ - d^A^ + I doAud^A^ - doA^d^A 




d‘^x ^ 

J4_ / „2 


+ 2G^’^d,A^ - e^^G^'^dpA^d^A, 


d^x [gi^^Gp^G^'^ - 2d,G^’^Ap + ApdpG^^d^A, + ApG^^dpd^A, 
d^x (glj^GpM^’^ - 2d,G>^’^Ap + e^^ApdpG^^d^A,) , 


(27) 


where we just consider the action up to the hrst order of 6 and ignore total derivative 
terms. We used antisymmetric property of Gpy to get the fourth line from the third line. 
We integrate by part from the fourth line to the hfth line. The last term in the hfth line 
vanishes because of the antisymmetric property of 0^°". Now, the action is quadratic in 
the held A, then we can integrate this held out in path integral by using the Gaussian 
integral (13). 

The partition function is given by 


VG (detM)"5exp 


Wym 


d^x lGp,G^’^-d,G^'^{M-^)^^dxG^ 


v\ 


(28) 


where = gyM^^'^dpC^'^d^. Let us dehne A^ = (M At^.v^pG'^'^i from which this turns 
out that satishes the equation of motion up to the hrst order (in the Poisson limit), 


d^G’^^ + = 0 

^ d,G''^ + glj^eP^dpG^^'^d^A, = 0 

=> d.G’'^ + {A,, G'^^} = 0, (29) 

where {A, B} = g^j^O^^'^dpAd^B = e>^^dpAd^B. 
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Let us consider this term 


d^x = / d'^x d,A, - + { 4 , A,} 


aS 


= J y- + G^^ep^^dpA^d^A, 

= j d^x (^2duGP’^Ap - ApOP^dpGP'^d^A, 

= j d^x ( 28 ^ 0 ^'^ {M-^) ^^dpG^P - {M-^)^^dpG^P{M)p''{M-^)^^d5G 

= J d^x d,GPAM-^)>^xdpG^A 

where we used integration by part from the second to the third line and substituted 
Ap = {M~^)pydpG'^P into the fourth line. This term is equal to the second term in the 
partition function (28). Therefore, the partition function can be rewritten as 

Z~ j ®G(detAf)-i j I>Aexp(^igl.„, j d*x - G'‘''F„„(i))^ d (^2A,-2(Af-'),,SAG 

(30) 

where the factor of 2 in the delta function is introduced for convenience. We express the 
delta function as 

d(2A - 2M-^dG) = d(M-\2MA - 2dG)). 


(31) 

This extracts a factor det M out of the delta function after integrating. Therefore, we 
get 


VG (det M )2 


/ VAVK exp 

Wym / d'^x 

/ 

J 


A 


Gp,GP^-GP’^FpAA)-Ap ( 2MP'^A,-2dpGPP 

(32) 
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The last bracket in the exponential can be simplihed as 


(Tx 2 




= I d^x { + 2dpKpG^^P 


d*x ( 2KpeP^dpG^'^d^A^ + 2dpKpG^P 


= I d*x { - 2G>^'^ep^dpkpd„A^ + 2dpKpGPP 


= d^x [ 2GP'' X {A,, Ap} + 2(a,A^)G'^" 


d^x [2GP'^D\f^Ap 


= d^x ( - 2GP'^D^^^A, ), 


(33) 


where we define D\f^O = dpO + {Ap,0}. Substitution of this term into the partition 
function gives 


Z ^ j VG (detM)i/2 / papa 


exp 


Wym / 


GP'^(Gp,-FpM) + ‘^Dl^^K 


( 3 ‘ 


Let us define a new variable Ap = Ap — Ap. The field strength can be written as 


Fpi^{A) =dp{Ay + Aj,) — dy{Ap + Ap) + {Ap + Ap, A^ + A^} 

= dpAy — dyAp + {Ap, Ay{ 

+ dpAy — dyAp + {Ap, Ay{ + {A^, Ay{ + {A^, Ay{ 

=Fpy{A) + Df^Ay - Dl^^Ap + QP^dpApd^Ay. (35) 
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Thus, we get 


Z VG (detM )2 / VAVK exp 


idvM / 


G,, - F,,{A) - e^-dpA^d^A, 


= / VG (detM )2 / VA exp 


X / VA exp 


iglu f G^-{Gp,-Fp,{A) 


-t d^x [ gi^^G^^’^ep^dpApdA, 


= VG (detM )2 / VA exp 


tg^YM J d^x Gp-{Gp,-Fp,{A)^ 


X / VA exp 


= / PG(detM)2 / vA exp 


t d^x { gl^ApQP^dpGP'^d^A, 


Wym d X 


GP''(dp,-Fp,{A) 


X / VA exp I igyM / d x ApM^'^A^ 


VGVA exp 


^g^M / d'^x 


GPAGp,-Fp,{A) 


(36) 


To get the last line, we integrate the held A out and obtain a factor of (det M) which 
cancels the factor (detM)^/^ in front of the measure. This calculation shows 

D^F^A^) = 0 M D^F^A^) = 0 (37) 

at classical level. We can also extend the result from four dimensions to all dimensions as 
in the case of the non-abelian Yang-Mills theory because we do not use any information 
related to the Poincare lemma. The non-commutative 77(1) gauge theory has a non- 
abelian-like structure, which comes from the Moyal product so it is not surprising to 
obtain a similar answer from this method. We will show two other methods to perform the 
electric-magnetic dualities in the non-commutative 77(1) gauge theory. We will eventually 
hnd that these two methods cannot be applied to the non-abelian Yang-Mills theory. 
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3.2 The Second Method 


An equation of motion in the non-commutative U (1) theory depends on a gauge potential. 
This property causes some difficulties to dehne the electric-magnetic dualities. From a 
point of view of string theory, the non-commutative geometry can be connected to the 
commutative geometry via the Seiberg-Witten map. We can use this Seiberg-Witten 
map to redehne our theory in terms of abelian held strength on the commutative space. 
The Seiberg-Witten map is dehned on a commutative diagram. We hrst use gauge 
transformation, then redehne (Seiberg-Witten map) the theory from the commutative to 
the non-commutative gauge helds. On the other hand, we change the ordering. We hrst 
redehne the theory from the commutative gauge to non-commutative gauge helds, then 
we perform the gauge transformation on the non-commutative space. These operations 
should be equivalent because gauge transformation and redehnition do not change any 
physical meaning. Then we can hnd a condition for the Seiberg-Witten map as 

A{A)+l^{A)=A{A + 5xA), (38) 

where A is the Seiberg-Witten map, 5\ is a gauge transformation on the commutative 
space and 5^ is a gauge transformation on the non-commutative space. Let us dehne the 
gauge transformations 

^\A^ = (9^A, — [A, (39) 

Now we calculate A and A at leading order. For convenience, we dehne 

A = A + A\A), A = A + A', (40) 

where A' and A' are higher-order ehects. If we consider hrst order correction with respect 
to 0, the condition for the Seiberg-Witten map becomes 

A'^{A + 5aA) - A'^{A) - d^X' = -eP^dpXd^A^. (41) 

We hnd a solution 

A, = A^- (^Apd^A^ - ^Apd^A^j , A = A + U^^A^d^X. (42) 
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From this solution, we get 


A'(A + 5xA) = 



+ dp^ ) dcr ( A^ + d^\ I — - ( Ao + do\ A„ + d„\ 





A'M) = - 0 '”'U,d„A,-]^A,d,A„y 
d^\' = h'‘'’{a^a,x}A^ + h'"a,\a^A,. 


( 43 ) 


We can check this solution by plugging these terms into the left hand side of (41) and 
considering the first order in A to obtain 


-ep^dpXd^A^. 


(44) 


Now we use this solution to consider F in the Poisson limit as 


F„. 


^ d^A^ - dyA^ + OP'^dpA^d^Ay 

^ dpA^ - QP^ (^pApd^A^ + Apdpd^A^ - ^dpApd^A^ - ]^Apdpd^A^ 

-dyAp + QP'^ {^yApd^Ap + Apdyd^Ap - ]^dyApdpA^ - ]^ApdydpA^ 
+OP^dpApd,Ay 

= dpAy - dyAp - QP'^lApd^Fpy + dpApd^Ay - dpApdyA^ - dpApd^Ay - dyApd^Ap 


= p j^QP^i p p - A d F 

^ pu \ ^ 1 pp-*- v<j ^p^a^ pu 


We hnd one solution from the Poisson limit to infinite orders as 


(45) 


6Ap = --69P^ 
p 4 


Ap * (2daAp - I + (2daAy - 1 * i. 




a-^^p ^p-^^a 


6X = ^SQP'" ( dpX * A^ + Ap* d„X ), 


5Fpy = -dQP^ 


‘^Fpp * Fy^ + 2Fyfj * Fpp - Ap* \ daFpy + D^Fpy ) - ( daFpy + D^Fpy ) * Ap 

( 46 ) 


where 


D\Fpy = d\Fpy + [^A, Fpy]^ 


(47) 
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Then we use this Seiberg-Witten map to change variables to write the theory in terms 
of abelian held strength as 


1 


d^x 


9ym 






( 48 ) 


If we ignore total derivative terms, the hnal term can be rewritten as 

^ J d^x = I F,}j 

= J d^x Qtr(0F)tr(F2) - . (49) 

Hence, we get 

J d^x F^^'^ApQP^d^F^u = ^Jd*x tr(0F)tr(F2). (50) 


Therefore, the action is 
^ f d^x Fp.F^'^ 


^9 


YM 


^9 


YM 


d^x ( F^^’^Fp^ + 2tr(0F^) - -tr(0F)tr(F") 


(51) 


Then we add one additional term to change F to be an unconstrained held as 

[d^x ( - \f^'^Fp, + ^-F^’^FppQP^^F^, - iF^'^F^pO^^Fp, + ^Gp^F^ , 

9ym j V 4 2 8 Z J 

(52) 

where G^u = \epi,paG^'^. If we integrate G out, we can obtain dF = 0. Then we solve 
dF = 0 to go back to the original action. Varying F gets an equation of motion for F as 

-Fp, + FppQP^F^, + Fppd.^F^P + F^^F^Pdpp - ^F^pO^^Fp, - ^F^^Qp^Fp, + qImG^u = 0 
F — f? n — F F — F f) F^P — F F^Pf! -\- -F QP"^ F -I- - FP'^f) F 

' ^ fiiz CFU fipGizcr-^ au-^ ' 2"^ ^P^ piz \ G^i/± p(j. 

(53) 
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If we only consider first order with respect to 9, the action is 


d^x 


2 4 4 

9ym I 9yM 9ym 

Z ^ “r ~ ^ ^/ip” ^criy ~ 

4 Z O 


npcT/^ 

^ ^crp” ^ pu 


( 54 ) 


The hrst term can be written as 


9ym 


9ym 


d^x ^ 


d^x 


(55) 


Then we dehne to rewrite the second and third terms in the 

action. The second term is 


9ym 


d^xG^'^G^pOP^G^, = 


9ym 


d^x G^''Gppep„„.G^''''e'^PP''^'' 


^CTVn'v’ 


9ym J 

f d^x 

9ym j 

f d'^x 



1 

-( 

2 


■ycr p 


1 

i' 


1 

i' 


■o-'p 


9ym 


d^x ti{eG^). 


(56) 


The third term can be rewritten as 


9ym 


d'^x G^^’^G^pQP^Gp^ = 


9ym I 

16 J 

9ym 


d^x G^’^Gp.e^p^.pfiP^G^ ^ = 


d^x tr(G^)tr(6*G). 


9ym 


d^x G^^^Gp^e,,p,G^ P‘ 


(57) 


Therefore, the action is given by 


9ym I d^x [ ~ ^GpyG^'' - ^tr(0G'^) - ^tr(G^)tr(0G) 


9ym 


d^x G^^G^ 


(58) 


after we perform the electric-magnetic duality. The result is very simple and interesting. 
The electric-magnetic duality just exchanges 9 and 9 and invert the gauge coupling 
constant. Here, 9 is not the same as in the hrst method. The reason possibly comes 
from the use of the Poincare lemma. The lemma gives a standard dual between electric 
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and magnetic fields. In the second method, we use the Seiberg-Witten map to rewrite 
the non-commutative theory in terms of the abelian field strength to let us exchange 
electric and magnetic fields directly. But the first method loses some information from 
the Poincare lemma, then we map all ordinary held strengths to all dual held strengths. 
This is why we can use the hrst method to perform the electric-magnetic duality in all 
dimensions, but the second method is only valid in four dimensions. 

The use of the Seiberg-Witten map can rewrite the non-commutative U{1) gauge the¬ 
ory in terms of the abelian held strength. This is amazing and surprising. An equation 
of motion in the non-commutative U{1) gauge theory depends on the gauge potential. 
Naively, we should encounter some difficulties as in the non-abelian gauge theories. But 
we can use the Seiberg-Witten map to rewrite our theories in terms of the abelian held 
strength to avoid these problems in the non-commutative U{1) gauge theory. This pos¬ 
sibly reminds us that we can perform some operations in the non-abelian gauge theories 
from some hidden symmetry structures. However, we cannot use the Seiberg-Witten map 
in the non-commutative U{N) gauge theory to perform the same electric-magnetic dual¬ 
ity. Although the non-commutative U{1) gauge theory has a non-abelian-like structure, 
the non-abelian-like structure comes from the derivative operation. This non-abelian-like 
structure is still diherent from the non-abelian structure. If we can hnd a way to relate 
the gauge potential via held redehnition in the non-commutative U{1) gauge theory, 
we might apply this method to the non-abelian gauge theories. We will introduce this 
method in the next section. 

3.3 The Third Method 

We consider the D3-brane in the large NS-NS two-form background. This theory on 
the non-commutative space is described by the non-commutative U{1) gauge theory. A 
well-known fact is that we can perform the S-duality or electric-magnetic duality to get 
the D3-brane in the large R-R two-form background. These two theories in the Poisson 
limit come from different orderings of compactified directions in the Nambu-Poisson M5- 
brane. Different orderings of compactihed directions should not change physical meaning. 
We hrst perform a held redehnition from the NS-NS D3-brane theory to R-R D3-brane 
theory [8]. Then we perform an electric-magnetic duality from the R-R D3-brane theory 
to the NS-NS D3 brane theory to show their equivalence. 
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3.3.1 Field Redefinition 


In this section, we use field redefinition to connect two D3-brane theories [ 8 ], which 
come from different orderings of compactified directions in the Nambu-Poisson M5-brane 
theory. The Nambu-Poisson M5-brane theory is a well-defined theory under the large 
C-field background. After we compactify 2-torus, the D3-brane should be well-defined 
under the large NS-NS two-form background or large R-R two-form background. From a 
string point of view, we should use the electric-magnetic duality to connect them. In other 
words, we can have a field redefinition to connect them. Due to this large background, 
we have two kinds of spacetime directions in our theories. Our conventions of world- 
volume indices are a, (3 = 0,1, /i, z> = 1,2 and A,B = 0,1,1,2. The dotted indices 
denote the directions that the NS-NS B-field (or R-R field) background is turned on. 
The large two-form background only opens on two spatial directions. Other components 
of the two-form background are weaker than the large two-form background under the 
decoupling limit [ 8 ]. An action of the NS-NS D3-brane in the Poisson limit is 



(59) 


We define the non-commutative field strength at the Poisson limit as 

^AB = ^AB + 9 {Oyi, Os}, 


(60) 


where = Oacl'^ — Obci'a, q' ~ 0(4 can be identified as two-form gauge potential of 


the Nambu-Poisson M5-brane directly after we perform dimensional reduction, and the 
Poisson bracket is defined by 




(61) 


where = 1. Then we introduce an action of the R-R D3-brane in the Poisson 

limit as 



(62) 


where 


^i2 — H 12 g{bi,b2}, 


(63) 

(64) 



( 65 ) 
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Hi2 ^ 


Fab = dACtB — dsaAi 


( 66 ) 


and Ba^ satisfies 

VF {d^h, - = 0. (67) 

We will use a flat metric to raise or lower indices. When we perform dimensional 
reduction in the Nambu-Poisson M5-brane theory to obtain the R-R D3-brane theory, 
we need to dehne R)), which satishes the non-linear equation (67), to identify aa- If we 
want to explicitly write B^ in terms of other helds, we need to use perturbative method 
because it satishes a nonlinear equation. However, we do not need to use perturbative 
method to hud a held redehnition in the Poisson limit. Our held redehnition gives an 
exact equivalence between the NS-NS D3-brane and R-R D3-brane theories. 

To see the held redehnition between the NS-NS theory and the R-R theory in the Pois¬ 
son limit, in the R-R theory can be identihed with in the NS-NS theory according 
to 

9ym^^ = ( 68 ) 

Then we have 

^i2 = ^i2 + a -} = gYMB-i2, (69) 

where we used gynd' — 9- 

Kl. = {0„h - r/sy) , (70) 

where 

(71) 

Let us dehne 

BF = {d% - , (72) 

which will be identihed with Bafi in the R-R theory later after duality transformations. 
After some change of variables, the Lagrangian (59) is equivalent to 

Cm-Ns = - (73) 

^9ym ^ ^ 
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The next step is to introduce an auxiliary field to dualize J^ap- Then the dynamics of 
the Lagrangian above is equivalent to the dynamics of the following Lagrangian 

(1) _ 9yM J^2 I 1. 


C 




■'NS-NS — 2 

An equation of motion of 0 imposes a constraint 

9ym4> = ^ Dl) 

which replaces 0 by so we go back to (73). 

Then we use field strength 

F fli/ = dfiCii/ dfiCii/ 

to replace 0. We claim that the Lagrangian 

2-1 2 2 
/^(2) _ 9yM i7i2 I ,0/3 "T' I? I 9yM x"'/ 9yM'jj 'jjl2 

^NS-NS ~ 2 ■^12“'" 2^ '^o/3-^i2“r 2 ^ 

is still equivalent to (73). An equation of motion of implies 


I =0. 


n2' 


(74) 


(75) 


(76) 


(77) 


(78) 


We assume that our fields vanish at infinities of the coordinates then we obtain 

Fii = P«v (79) 

The last step is to carry out a duality transformation to get from a'^. Before that, 
we expand the second term in the Lagrangian (77) as 


F' Di-^i2 ~ -^oi-^i2 + 9 {®0) ^i}Fi 


12 


= 9 ym ( + ge°‘^Fi 2 Ba^B 0 + total derivatives j. (80) 


Then we replace B^^ by Ba^ in this Lagrangian and add an additional term 




(81) 


to perform a duality transformation. The new Lagrangian is equivalent to the previous 
one (77) because B^^ equals to B^^ (71) when the Lagrange multiplier is integrated 
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out. If we integrate a'^ out, we obtain = 0. This implies that locally = —d^ajs 

for some held ap. Therefore, (81) becomes 

(82) 

Now we integrate Bj^ out by the Gaussian integration. This result of the integration is 
equivalent to replacing Ba^ by the solution of its equation of motion (67). 

After integrating B^^ out, (80) can be rewritten as 

(83) 

up to total derivatives. According to (72), we hnd 

K;. = (M) 

Dynamics of the Lagrangian (77) is exactly equivalent to the dynamics of (62). This La- 
grangian can also be found from the Nambu-Poisson M5-brane theory by dimensional re¬ 
duction. This redehnition should imply the meaning of the S-dualtiy or electric-magnetic 
duality. 


3.3.2 Perturbation 


We show an electric-magnetic duality from the R-R D3-brane theory to the NS-NS D3- 
brane theory up to the second order. We hrst mention how to perform the electric- 
magnetic duality up to the second order in a general Yang-Mills type theory by pertur¬ 
bation. If the action is 

qIm / + gQi{FAB) + 9^Q2 {Fab)^ , 

we can consider 

jd*x(^- + glM3"Q2(F^B) + 

(85) 


to do the electric-magnetic duality. We add one additional term to promote Fab to an 
unconstrained held. Integrating G = dB out, we obtain dF = 0. Therefore, we solve 
dF = 0 to obtain F = dA to go back to the original theory. We vary Fab to obtain 


F^^ + g 


6Qi 

SF~ 


+ g^ 


AB 


dQ2 

If~ 


+ 


AB 


9ym 


G 


AB 


0 
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or 


Fab = —n — Gab + g 
9ym 

Hence, we obtain an action of the form 


6Qi 

Jf^ 


2 ^Q2 

9 ^pAB- 


df'x 

„4 


A9ym 
9ym 9^ SQi f 1 

4 SGab V 


2 — GabG^^ + gYM9Qi { — — Gab ) + gYM9^Q2 ( — — Gab 
d,. / V ol.. 


9ym 


■Gab 


\_SQi_ 

') 6G^^ 


„2 I 1 


k9ym 


k9ym 


G 


AB 


We used 

Q] 

in the above action. We write — 


3d 

Mr..)« Q. 


(86) 


f d'^x ( — —2— GabG^^ + gYM9Qi{GAB) + gYMg'^Q^iGAB.) + — {Gab) {Gab) 

J V ^9ym 4 SG^^ 

We use the above electric-magnetic duality formula to go from the D3-brane in the 
large R-R two form background to the non-commutative U{1) gauge theory or the D3- 
brane in the large NS-NS two-form background at the zeroth and hrst orders. This 
method relies on the fact that action does not contain gauge potential variables. For this 
goal, we £x 


= b‘^ = 0. 


The action at the zeroth order is 


d^x — 


-GabG 


AB 


^9ym 

after we perform the electric-magnetic duality. We integrate b held out before we perform 
the electric-magnetic-duality. This result of integration is equivalent to setting 


Hi2 ~ - Roi - 

Then we consider hrst order correction. The action at the hrst order is given by 
9ym j - F^^d'^b^F^^^ 
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up to total derivative terms. We use 




to replace by Hi 2 - Then we perform the electric-magnetic duality on this action at 
the hrst order as 


9ym 


d^x (e^^GoiG^^dpd^dfGoi - 


1 - - - Oil - H ~ “1 2 

-G„^G"i9''9‘9yGoi + G„^G‘‘'d“didi-‘"Gm 


(87) 


For the purpose of rewriting a theory for H 12 , we have non-local operators (inverse 
derivatives) in our theory. But we know that the non-commutative U{1) gauge theory 
at the Poisson limit should be described by local variables. Naively, this implies that we 
cannot obtain the non-commutative 17(1) gauge theory from this method. We will show 
that these non-local operators will be canceled. 

The hrst term of the action at the hrst order is 

f d'^x f — f d'^x ( — e^^ea'ydiB^G'^^dpd^d^'^diB^ 

9ym J \ J 9ym J V 

= [ d^x [G^^d^B^d^B^ 

9ym j V 

( 88 ) 


The second tern of the action at the hrst order is 


9ym 


9ym 


d^x { - e^pGi2G^^G^^ ) = 


9ym 


d^x (e^^G^^G^ 




2Gsi 


d*x f - iG“yB„ Bf} - 6'’‘G“9iSi9flsd ■ 


(89) 


The third term of the action at the hrst order is 
1 


9ym 


9ym 




d^x ( - d^B^G^2d‘^B2 - G^^G^2d^B^ 


9ym 




(90) 
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The fourth term of the action at the hrst order is 



1 y - g„2G“S”B2) 


(91) 


We combine all four terms to obtain 

9ym V / 

This is the same as the D3-brane theory in the large NS-NS two-form background or 
non-commutative U{1) gauge theory at the hrst order. 

Now we consider the second order calculation of the electric-magnetic duality. This 
is a non-trivial consistent check due to the cancellation of the non-local operators . 

We hrst express an equation of motion of H 12 up to hrst order, 

H12 ~ —Toi + gA, 


where A is a hrst order correction. Since A contains many non-local operators, we use 
A to denote the full terms instead of writing them explicitly. Now we want to obtain 
Qi{Gab) and Q 2 {Gab) from the zeroth and hrst orders action after we use the equation 
of motion of From the action at the zeroth order 


we can obtain a term 


9ym 


d'^x 




where we redehne A by replacing G by G/Qym ia Q 2 {Gab)- Then the action at the hrst 
order 
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implies 


9ym 




G^^G^^d^d^dG^Goi ), 


and one term for Q2{Gab) as 


(92) 


9ym 



d‘^x \ ], 


(93) 


where we also redefine A by replacing G by G/qym- Now we show that A is canceled in 
our calculations. 


5Qi 

W 


12 


9ym 


e^pG^^G^^ - G^^d^did-^Goij = 
(€°‘^diBad2Bp\ 


9ym 




5Qi 

W~ 


al 


9ym \ 

e^f^Goidpd^dfGoi - e^^Gi^Gp^ - 2G“iGoi - G'^%did.‘^Goi 


9ym 


9ym \ 


dpB^ - GoiG “1 - 2e“^G',2G'2 ^ 5 . 5 . , 


5Qi 

W~ 


ol2 


9ym 


9ym 


9ym 


e^^Gi^Gpi - G^^d^d^dfGoi - Gi^d^didfGoi 
- GoiG'"^ - e^^Gp^d^B^ + Goid'^B^ 
Goid^B^-e-^Gp^d^B^y 


6Qi 

'W 


01 


9ym 


A. 


(94) 
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Qym ^Qi ^Qi ^ 

2 <5Gi2 5Gi2 
9ym 1 

“ w 


9ym ^Qi 
2 (5G„2(5G“2 

9ym ^Qi ^Qi 
2 6Goi6GO^ 


^9ym 


YM 


- Gi^GiidpB^d^B^ + GoiGoiG^iG^i - AGo^G^^G^^G 


-G^iG^^d^B^d^B^ - 26“^Gi2GoiG,ia^52 + ^G^^G^^G^^B^ 
-2Gi^G<^^do^B^d^B^ + 4e“^GoiG„iG^2Gi2 + AG^^Gi^G'^^B^), 


‘^9ym 


GoiGoid^B^d^B^ - G-^G^^d^B^d^B^ + 2e‘-^GoiG^^d^Bpd^B^ , 


^9 


-A\ 


(95) 


YM 


\‘^9ym 4 6Gab6G^^) ^ 


‘29 


YM 


Gi^Gi^dpB^d^B^ + GoiGoiG“iG„i 


-4G^2G^"G'2Gi2 - Gf,,G^^d^B^d^B^ - 2e-PG^^G,,G^,df,B^ 
+4Gi2Gi2G“2a„52 - 2G^^G^^d^B^d^B^ 

+4e'^'^GoiGQ,|G^2^i2 A- + GoiGoi52-B°'52-Bq. 

-G^^G^^d^B^d^B^ + 2e^^G,^G^^d^Bpd^B^. 

(96) 


After using the equation of motion for we have non-local operators (A). Nevertheless, 
A vanishes in the final result. 

Let us start to calculate the action at the second order. 


V = Su' + 9dub^, iV^)-^V/ = 6/, (V^P)-^^S^^-gd^bP + g%b^d,bP. 


(97) 
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5 f.u 5 ^^ + g (^{d^h + d,hf,) 5 ^P - + g^b^d^b^d'^^, 


6^>^6^a - 9 


d^b^ + df^b^ ] (5^„ - 


+9^ 


dhPd.bf^ + dPb^d.b^ + d^b^d%. + F/F^A 5. 


p \ J. P J. I 


dhp + dPb^)Fp^ + {dpW + 


^7a 


(98) 


B. 


V,^d% + 

Bj 


d% + e^^F,^ + gdi,b^d%, 
do^b^ + e„^F^^ 

+^7 f - d%^d^bo - e^pd%F^^ - e^pd^b^Ff^^ + e^pF^^d^^b^ + F^^F^o 


+g^ {dPbf^d%pdab, + eo,pF^^d%Pdpbo + eo^pF^^^d^bf^dph, + e^pF^^d^b^^d^bp 
-e^pFpi,d%Pd^b^ - e^pFpi^dPb^d^b^ - e^^pF^^Pd^pd^bi, - F^^FP^d^bp 
-F^oFP^dpbP - F^oFPPdp¥ - F^,FPPd%p + Fp^F^Pd^b^ + e^pF^^Fp.F^p'^ . 

(99) 
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= (Vn-"U„i, + gF,iBA, 

F^^ + gF^^Bj = F^, + g(F^sdJ+€^gF^iFf^'j 

+j" ( - F,ja>'b‘a^bi, - e^gF.jd^b/.F^b’ - €^gF,id/,b‘Ff'‘ + 

+F,iF‘b’F„'j , 

Fag ^ Fag + gi^F^^dab^ + eagF^^F^^ — Fagdglf^ 

+ 9 " ( - FggdVdabg - eagFggbfbgFbb - eagFggdgb^Fbb + ia^Fg^F^l’i^bg 

+FgiF^bp^. _ Fgfiab'‘agh‘' - gagFggF^^dgb" + agbPdgb^Fai^ • (lOO) 

We calculate (jyg^ J d'^x ^^FagF^^bj at the second order. 
gig, I d‘x {]^FagFA 

-g gig, Jd^xf- FaiF^^Hig{a“aiafHii) - ie^bF^.pii + 2e’‘l>FaiF^^Fi,(aga,afH,Ff 
+\FagFbbFggF‘b - e‘bFaiF'%.,Hg, + + Fa,,F-‘\a%a-^Hi.djHg, 

+^FiiFbi{dadia7bHii) (cFdiafHii) + iF„iF“‘(%9,9r2//,j) (S^jar^i/j^) 

-Fi,iF“‘ (S„SiS-=i/u) . 

Then we calculate J^ap at the third order because we have one term in our 

Lagrangian. 

= Fap + S' ^ — FafgBp^ — + g'^F^g,BB. (101) 
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We first calculate at the second order. 


-Fi^dh^d^hidJ)^ - e^^F^pF^^d^h^dihi - e^^F^^F^^dPh^dphi 
-e^^FipF'^^d^b^di.bi + e^^FipF^id^^d'^b^ + ea-yFipF^^d%d'^bi 
+F^0F^^F^^d\ + F^^F^,FP-dpb^ + Fp^F^iFP%b^ + F^^F^,F^^d%i 
-F^pF^^F^^d^b^ - e^,FppF^-Fp,FPP. (102) 

Then we calculate Fpi,BaPBj3'^ at the hrst order. 


^ - eppF^^d^b^dh^FP^ + eppF^^d^b^F'^^dPb^ + F^^d^b^F^^F^, - e^.F^^F^^d^b^dpb^ 

-Fp,Ff,WF^^ - F^^Fp^dpb^F^P + Fi2F/F2ia„6i + e^^Fp.F'^^F^PFpp + e^^pF^^dph^dH^FP^ 
-e^pF^^dpb^F'^^dPb^ - F^^dpb^F^^F^^ + e^.F^^F^^Oh^d^b^ + Fp.Fjd^^F^^ + F^^Fjdpb^F/ 

-F^^FjF^^d^bi - e0^Fp,F^PF^PF^p^ . ( 103 ) 

Hence, we obtain gyM J ( ^e“^-^o/3 ) at the second order. 


9ym j 

^ jd^x(^- + 2F^^F^^{d%dfHi^)Hi^ 

+Fif,Ff^^{d%d.^H,^) {d.did.^H,^) - 2F,^F^i{d^d,d.^Hi,) {d^did-^H^,) 
-2F^f,F^^H,^{d^d,dfH^,) + 6e-^F,^F^,F^^H^, + F,^{dadidfH^,)F^^ {d^d.dr^H^,) 

+3e'^f^Fi^{d^didfHii)F^^Ff,i - 2FpoFPPF^PFp^ . ( 104 ) 
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Let us show the term g^M J J • 

91m j + ^'“'’■^“' 5 ) 

^ sf-M jd*^ (f’„2f’“ffl2(a”9l9r'-ffis) + 3t”'’-F«2f’“f>iffi2 - i“^F^iF'"F2i(di,didfHii) 

-iuA-F''Vj^F“'' - e“'’F„iF‘V^jir,s - - -F„2-F”‘(9'9iar"^fi2)ffl2 

-^^’21^’"* (S“9l9r'-ffl2) - (92319,■'■f^l2) (9^9i9,"'-ffi2) 

+FaF“‘ (S„S,S-^ffi2) (S%iS-=/fij) - Y (105) 

Then we use the equation of motion H ^2 ~ ~-foi to express our action in terms of F. 

91m f (^F„2F2iFoi(a“aiar2Foi) -36“^F„2F2iF^iFoi + e“^F„iF'2F2i(a^aiar2Foi) 

+ e“^F„iFi2F^2Foi - ^F^^F^^^Fq.Fo, - {d%dr^F^i)F^i 

-^F2iF^\d^didfFoi) (d^did-^Fo,) - ^F^iF^^id^didfFoi) (d^didfFoi) 
+F2iF'^^{dadidfFoi) {d^didfFoi) + €'^^FipFoA{do^didfFoi)^ . (106) 


33 


Now we replace F in terms of G. 


—— fdx (g^ 2 ^ Goi{^d did^ Gqi) ~ 3e G^^Gqi + e G^^G G2i(i9^9i^9- Gqi) 

9ym J V 

^ ^fiS^ ^ap I ^0/3/^ ^12^ ^ ^ ^ (p\2p\ n—2/^ \ 

'-^^2'-^01 ~ 2^»i^ 'J'Ol'-^Ol ~ '-^o2'-^ {OOiO^ C^Ol^'-^Ol 

-^G2i&^{d^didfGoi){d^didr^Goi)-^G^iG-\d2didfGoi){d^didfGoi) 

FG^iG'^^ (^dadid^ ^Goi) (^d^did^ ^Goi) + e“^G|^GoiGoi(<9Q,9|(9| ^Goi)^ 

[d'^x (- 6„^G^iGoiGi2a“i?2 - 3e„^G“^GoiG^2^i2 + Gf^^GoiGoidf^B^ 

9ym J \ 

1 1 ■ ■ ■ S ■ 

D“0 D Y' Y' /^a2/^ ^ /~iol 2^ , '-’/^ /^a2/^ 

( 7 j-D„ — -UroiCToiCr (-Tq ,2 ~ ^i 2 + ^i 2 ^i 2 

~G^2^°'^d^B2Gi2 — -GoiGoidaB2d°'B2 + -G ^2^^^^ d^B^d^B^ + GqiG B 2 

-G^^G^2Gi2do.B^- 


Then we combine other terms. 

- e„^G^'GoiGi2a“52 - 3e«^G“iGoiG^2^i2 + G^'^GoiG.^d^B^ 

1 1 ■ ■ ■ 3 ■ 

Y^ Y^ P) D ®0 D Y' Y' r^a 2 x^ /^a 2 x^ ^/ 31 ^ , '-’/^ /^a 2 /^ 

--^^Ol^mOin OiUa — <J'o2 ~ ^al3^ C^i2 + 2^«2^ ^i2^i2 



-G„2G“'a2i?2Gi2 - ^GoiGoia«i?2a“i?2 + lG^2G^%B2d2B2 + 6“^GoiG^25„i?2a%2 

-G^^G^2Gi2daB2 - ^{5“, Bl^}{B^, 5^ + 1 (^ - G^^G^di^B^d^B^ + GoiGoiG^^G^i 

-4G^2G^'G'i2^i2 - Gf,iGf^%B2d2B2 - ^e^^G^^GoiG^^d^B^ + AG^^Gi^G^^do^B^ 

— 2 G i 2 G°‘^ daB^d^B^ + 4 e“^GoiG„|G^ 2^|2 + 4 G„ 2 G| 2 ^“^ 92 -^ 2 ^oiGoi 92 -®'^ 92 -®q! 


-G°^G^ABid,iBi + 2YGmG^ABABi'j 


= ■^ j‘i‘^ (-j{B“.B'’}{S„,-B^}-i{B”,-B"}{B„,-Bj}Y 

To sum up, we obtain an expected answer at the second order. The calculations of 
the electric-magnetic duality at the second order use the equation of motion to replace 
H by F. This is not equivalent to integrating out exactly. At the zeroth and hrst 
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orders, we can perform the electric-magnetic dnality exactly. At the second order, the 
electric-magnetic dnality is a consistent check at classical level. Even for the classical 
consistent check, this is a non-trivial check for the equivalence between the R-R D3 and 
NS-NS D3 brane theories. The most difficult part is that the expansion for the R-R D3- 
brane theory up to the second order in this method. We eventually obtain the beautiful 
answer from the magical cancellation. The reason possibly comes from the covariant held 
strengths in the R-R D3-brane theory. Physical answer should only depend on on-shell 
degrees of freedom. It is why we have such a magical cancellation. This calculation is 
also interesting in the study of the non-local effects. If we do not employ any gauge 
hxing, we should hnd inverse derivative terms in our theory after performing the electric- 
magnetic duality. However, we hnd a consistent answer without the inverse derivative 
terms after gauge hxing. This implies that the non-local terms are not real physical 
non-local ehects. These non-local ehects just originated from gauge redundancy. We 
use gauge hxing to remove these inverse derivative terms. This result might have more 
physical implications in the gauge theory. The electric-magnetic duality is an equivalence 
between gauge coupling and inverse gauge coupling constants. This means that electric- 
magnetic duality is a non-perturbative duality. Our successful step is that we use g 
to carry out the expansion. Small g limit is equivalent to a large background limit. 
This expansion should avoid strong coupling problems. Although the non-commutative 
17(1) gauge theory has a non-abelian-like structure, the non-commutative 17(1) gauge 
theory is still diherent from the non-abelian Yang-Mills theory. However, we can use 
the hrst method to perform the electric-magnetic duality on the non-abelian Yang-Mills 
and non-commutative 17(1) gauge theories. This shows that the hrst method should 
be a general way to perform the electric-magnetic duality. We will give more generic 
examples to perform the electric-magnetic duality by using the hrst method. The most 
interesting problem is to study the non-abelian gauge group in the third method. The 
motivation is a consistent construction of the multiple M5-branes theory. However, we 
encounter difficulties to apply this method to the non-abelian gauge group. When we 
perform the held redehnition in the non-commutative 17(1) gauge theory, we will dual 
a scalar held to a new held strength. We cannot use the same method in the non- 
abelian gauge group. This technical problem is similar with the Poincare lemma in the 
non-abelian gauge theories. In our perturbation study, this method also encounters a 
similar problem. We believe that a consistent multiple M5-branes theory should have 
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a totally different construction compared with the single M5-brane theory. The reason 
is due to the fact that the electric-magnetic duality in the non-abelian gauge group is 
different from the electric-magnetic duality in the abelian gauge group. The multiple M5- 
branes theory should have a consistent electric-magnetic duality in four dimensions after 
performing compactification on 2-torus. Thus, we believe that the multiple M5-branes 
theory possibly cannot be extended from the single M5-brane theory directly. 

In the second method, we use the Seiberg-Witten map to rewrite the non-commutative 
f/(l) gauge theory from the commutative variables. Therefore, we obtain a similar form 
after we perform the electric-magnetic duality. In the third method, we always perform 
the electric-magnetic duality on the non-commutative space without using any commu¬ 
tative variables. Because they can be connected from the electric-magnetic duality or 
held redehnition, they should be equivalent theories after we perform the second and or 
third types electric-magnetic duality in the large background limit. Because the R-R D3- 
brane has a complicated action with the non-local inverse derivative operator. We should 
expect that we can use the perturbation method with respect to the non-commutativity 
parameter to hnd a non-local held redehnition to rewrite the R-R D3-brane with a com¬ 
pact form rewritten from the Poisson bracket. However, the non-local held redehnition is 
very hard to hnd systematically. When we use the perturbation to perform the electric- 
magnetic duality from the R-R D3-brane to the NS-NS D3-brane, we also use some 
techniques to remove non-local operators. If we consider the electric-magnetic duality 
from the NS-NS D3-brane to the R-R D3-brane, then the non-local operators will appear 
in our computation to bother us. Even if we know that it should work, the non-local 
operators have very difficult technique problems. In principle, we should determine their 
relations from perturbation methods at least up to the hrst order with respect to the 
non-commutativity parameter in the large background limit. We leave this interesting 
direction to the future. 

When we discuss the third method, we identify the NS-NS held with the R-R held. 
It is an interesting point because the second method needs to rewrite our theory in 
terms of the abelian held strength. Hence, the second method must be failed when you 
consider the non-abelian gauge theories. However, we hnd that the held redehnition 
and perturbation in the third method still cannot be extended to the non-abelian gauge 
theories for some steps because we need to dual a scalar held to a new held strength. 
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4 Electric-Magnetic Duality in ^^-Form Gauge The¬ 
ories and a Non-Commutative Theory with the 
Non-Abelian Structure 

In this section, we extend the hrst method of the electric-magnetic duality that we used 
in the non-commutative U{1) gauge theory to the p-form theories and a non-commutative 
theory with the non-abelian structure. These studies should give a general extension to 
various types of simple theories. 

4.1 Abelian ]?-Form Theory 

The simplest abelian p-form theory is 



(107) 


where F = dA. We introduce an antisymmetric auxiliary held G/xiai 2 - mp+i- action 
can be rewritten as 









) . (108) 


Then we integrate A out to obtain 



(109) 


Solving the delta function is equivalent to hnding 


dG = 0. 


( 110 ) 


According to the Poincare lemma, we get 


G = dA. 


(Ill) 


Hence, we hnd 



(112) 
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Then we obtain 




0 ^^ 


0 


(113) 


at classical level. Therefore, we generalize the electric-magnetic duality from one-form to 
p-form gauge potential in the abelian group. We can extend the electric-magnetic duality 
of the abelian p-form to all dimensions. Starting from 


(p + 1)! 


PGexp 


Wym 






(51 


(114) 


Introducing an auxiliary held A to rewrite the partition function as 


PGPAexp 


. (p + 1)! 7 


n ^/ii//2-Mp+i I I 1 ^ 2 n^ifj'2-fj'p+i \ 


(115) 


where A is zero-form when p = 0. The last step is integrating G out to get 

__9yM__ / p2p-|-2 ^A‘i/^2'"Aip+l,a il 1 (S') 

2(p+i)! J “ • l-LJ-oj 

Because we do not use the Poincare lemma to solve the delta function, we can extend the 
electric-magnetic duality to all dimensions for the abelian p-form theory in this method. 
This method can also be applied to the non-abelian p-form theory. 


4.2 Non-Abelian p-Form Theory 

The non-abelian p-form theory is 

"NABp = *■ “. (117) 

where F = DB, D = d + A, where A is one-form gauge potential and B is p-form gauge 
potential (If p = 1, 5 = A). We introduce an antisymmetric auxiliary held, ' 

to rewrite the action as 
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We integrate A out to get 

jvG exp 




(5( '^^+1 


(119) 


for p 7 ^ 1. Now we add one auxiliary field A to rewrite the Lagrangian as 
/ VGVA exp 


, [ /P+2^ (, 

[(P+I)!i V 


MlM2---Mp+l 

Then we integrate G out to obtain the dual Lagrangian 


G“ _ (5M1M2-Mp+I,a + (p + 


2 (p+1)! 

where G = DA. We obtain 


.G"^ l/i2-"Atp+l,a 




( 120 ) 


= 0 <—> D„,G«'‘“"'‘e+‘’« = 0 (121) 

at classical level after we have performed the electric-magnetic duality. One can find 
that the electric-magnetic duality of the non-abelian one-form theory is more special 
than non-abelian higher-form theory. In the non-abelian one-form theory, the covariant 
derivative is also changed by the electric-magnetic duality, but the covariant derivative 
of the non-abelian higher-form theory does not. For a covariant property of the non- 
abelian higher form theory, we need to introduce an one-form gauge potential. This gauge 
potential is not affected by the electric-magnetic duality. But if one integrates this non- 
dynamical gauge potential out, this gauge potential should be related to the dynamical 
gauge potential. The dynamical potential should be affected by the electric-magnetic 
duality. We can explain that the electric-magnetic duality only duals the dynamical 
degrees of freedom in this method. Because we do not use the Poincare lemma in the 
non-abelian p-form theory, this method can be applied to all dimensions in the non- 
abelian p-form theory although we denote dimensions to be 2p -|- 2 in our computations 
for each p. 


4.3 Non-Commutative Theory with the Non-Abelian Structure 


We start from 

Sncna = -jA- i 

^yVM J 


(122) 
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(123) 


where ^ 5^/1“ - d^A'J^ + [A/,, A^\^, A^ = A‘I^T^, T“ satisfies 

rj^arjnb _ rjnhrjna _ jabcrj^C rj^arj^b _|_ rjnbrjna _ ^abcrjnC 

[A^,AJ\^ = [A^, y4y]“T“, and * is the Moyal product. 

We rewrite our action by introducing an antisymmetric auxiliary field (5“^,, 


^ = J d^x * F;, 

We ignore the total derivative terms to express our action as 


(124) 


S= I d'x (9kmG;„G'“’'“-G'“''“F, 


pa 

fiiy 


= / 




d,Al - d^Al + A,]: 


2 /^a /yfii',a 


d^Al - d^Al + r^^A^Al + ( dpA^d^A, - dpA^d^A 


fl u 


= I d^x [ g'YMG^G^^'''" + - d^^^QP^G^'^^^dpAld^A 


jabct 






(125) 

where we consider the Poisson limit for the Moyal product and ignore total derivative 
terms. We used the antisymmetric property of G“j, and and integrate by part in our 
calculations. The action is quadratic in the field A so we can use the Gaussian integral 
(13) to integrate A out. 

The partition function is given by 

\ig\^ [ d^x fG;:,G'^'^’“-a,G^^-“(M-i);;'/AG""’' 


VG (det M) 2 exp 


(126) 


where = -f'^bcQt,u,a ^ d‘^bcQpaQ^Qt,u,aQ^_ 

We use 24“ = (M“^)“^9pG^^’^ to let G^'^’“ satisfies the equation of motion in the Poisson 
limit as 


= 0 

^d^Qytd,a _ j,abcQpu,c^b^ ^ OpG^^'^’^d^Al = 0 

^d,G''p + [A,, G’^P] + {A,, G’^p} = 0, (127) 
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where and 

Then we ignore total derivative term to rewrite the action as 

I d^x ^ I d^x (^d.A^ - d^A; + r^^A^Ai + { 4 , A,} 

= J d^x (^- 2G^''’^d^Al + r^^G^'^’^A^Al + d^^^G^^''^^&”dpA^^d„Al 

= [ d^x {2d^G^^'''^Al + d^^^Alep^dpG^^'^^‘^d,A 


= j d^x (^d^G^'^’^{M-^yl^^dpG^P'^ - {M-^)^^^dpG^P’\MY'''^^{M-^y^^dsG° 

= J d^x a,G^"’“(M-^) 

where we used integration by part, and A^ = This term is equal to the 

second term in (126). Therefore, we obtain alternative form of the partition function as 

Zr^ [vG (det M)-^ [ VA exp (igl^ [ d^x ((?“ - G^'^’^FUA) 


d 2A“ - 




2{M-Ytd^G^^n, (128) 


where the factor of 2 does not affect the calculation. The delta function can be expressed 
as 

d{2A - 2M-^dG) = 5 [m-^{ 2MA - 2dG )'^, (129) 

where A = ^4“, M~^ = and dG = d\G^^’°‘. We used the matrix notation to 

simplify our index notations. This extracts an additional factor det M out of the delta 
function after integrating . Hence, we obtain 


/ VAVA exp 

Yym / 

/ 

J 


Qa^a _ (yl) 




(130) 
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Now we simplify the term in the last bracket as 


d^x 2 - dpGf^P’' 


d'^x ( + 2dpKlG^P'' 


d^x + 2d‘^^^KieP^dpG^^'^’^d^Al + 2apA“G^^’“ 

d^x ( 2/'“'’"G^^’“AJA^ - 2d^^^G^^'''^eP'^dpKld„Al + 2apA“G''^^’“ 


d^x 


2 G'^"’“ X [A,, A^]“ + {A,, A^}“ + 2 {d,Kl)G 


yfiL/^a 


d^x (^2G^^’“(D("^)A^) 
d^^x ('-2G^^’“(D^"^)A^)“ ), 


where we dehne D^f^O = dpO + [A^, O] + {Ap, 0} and A^ = A“T“. Substitution of this 
term into the partition function gives 


(131) 


®G(detM)2 / VADA exp 


^9ym I 9 X 


G''“'’“(G;„-c(y+ 2 (£>AM' 


(132) 


Let us dehne a variable Ap = An — An. The held strength can be written as 


Fpu{A) ^dp{Ay + At,) — dv{Ap + Ap) + [Ap + A^, Ay + A^] + {Ap + A^, Ay + Aj^} 

= dpAy — dyAp + [A^, Ay] + { A^ , Ay} 

+ dpAy — dyAp + [A^, Ay] + [A^, Aj,] + [A^, A^,] + {A^, Aj,} + {A^, Ay] + {A^, Ay} 
=Fpy{A) + Df^Ay - Di^^Ap + [A^, A,] + {A^, A^, (133) 
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where F = F°'T°‘. Thus, we obtain 


Z ^ VG (detM)2 / vAvA exp 


igynjd.‘^ G'"'dG;„ - F;„(i) - |A„,AJ“ - {A„, A„}‘ 


= / VG (detM )2 / VA exp 


Wym / 


g^^’^(g%-f;,{a) 


X / PA exp 


~ '^9ym / 


= / PG (detM )2 / Pi exp 


X / PA exp 


[A^,A,]“ + {A^,A4“ 








= / PG (detM )2 / Pi exp 


*dyM / 


X / PA exp A“M^^’“'>A: 


G;:,-4^(i) 


PGPA exp 


^dyM / 


G^''{dp,-Fp,{A) 


(134) 


We eventually integrate the field A out and obtain a factor (det M) to cancel the 
factor (detM)^/^ in front of the measure. This calculation shows 


= 0 ^^ p(-^)F^ii) = 0 


(135) 


at classical level. This method does not use the Poincare lemma, we can extend from four 
dimensions to all dimensions. Although the non-abelian structure is different from the 
non-commutative structure, we can use the first method of the electric-magnetic dualities 
in the non-commutative P(l) gauge theory to define the electric-magnetic duality for this 
kind of theory. Other methods cannot be applied to this theory. The second method of 
the electric-magnetic dualities in the non-commutative P(l) gauge theory relies on the 
Seiberg-Witten map. If a theory has a non-abelian structure, then this theory should 
have degrees of freedom on gauge potentials. When we perform the field redefinition to 
relate two theories for the non-commutative P(l) gauge theory in the third method, the 
field redefinition is related to the gauge potentials. From this point of view, we can use 
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this method to perform the electric-magnetic duality for a theory with the non-abelian 
structure. Unfortunately, this method still relies on a dual. This dual is valid for the 
ordinary derivative. When considering the covariant derivative, this dual cannot be used. 
For non-abelian gauge theories, we do not know how to define a covariant field strength by 
using the ordinary derivative. The third method naively uses a field redefinition, which is 
related to the gauge potentials, to perform the electric-magnetic duality, but it still relies 
on some properties that exist only in the abelian gauge theories. This study shows that 
the non-abelian gauge theories have a more delicate structure than the non-commutative 
structures in the electric-magnetic dualities. 

The most interesting aspect in the electric-magnetic dualities should be the multiple 
M5-branes theory. A low energy effective theory of the multiple M5-branes does not have 
a suitable or totally consistent Lagrangian formulation. If we compactify two torus with 
different ordering, we obtain two multiple D3-branes theories. Two multiple D3-branes 
theories should be related to each other via the electric-magnetic duality or S-duality. A 
consistent electric-magnetic duality should motivate us to find the multiple M5-branes 
theory. In our studies, we use some ways to find a suitable or workable definition. We 
should define an electric-magnetic duality related to gauge potentials, but this is not 
enough. We also need to understand how to dual a scalar field to field strength in non- 
abelian gauge theories. These difficulties should also appear in the construction of the 
multiple M5-branes theory. From our results, we hnd that the electric-magnetic duali¬ 
ties of non-abelian gauge theories should be totally different from the electric-magnetic 
dualities of abelian gauge theories. This points out the form of the multiple M5-branes 
should be very different from the single M5-brane theory. If we perform the electric- 
magnetic duality by the first method, it should not be hard to find the consistency for 
the Lagrangian formulation between the NS-NS multiple D3-branes and the R-R multi¬ 
ple D3-branes. Based on the T-duality, we can find the R-R multiple Dp-branes for the 
Lagrangian formulation. They should be easy to construct. The most difficult thing is 
how to hnd the multiple M5-branes such that we can get the multiple D3-branes in the 
NS-NS or R-R backgrounds by compactihcation. The problem comes from the dualiza- 
tion for the non-abelian gauge theories. This problem also occurs in the electric-magnetic 
dualities. A study of the electric-magnetic duality reveals the main problem for the La¬ 
grangian formulation of the multiple M5-branes. We leave the further studies in the 
multiple M5-branes to future works. 
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5 Discussion and Conclusion 


We study the electric-magnetic dualities in gauge theories by using path integration. 
The electric-magnetic duality for the abelian Yang-Mills theory can be understood as 
exchanging electric and magnetic helds in path integration like the Maxwell’s equations. 
We dehne the electric-magnetic duality for the abelian Yang-Mills theory by 

= 0 M = 0, dF = 0 ^ (136) 

The hrst relation is an invariant equation of motion under the electric-magnetic duality 
and the second relation relates the held strength to the dual held strength in four dimen¬ 
sions by using the Poincare lemma. Especially for the second relation, this is a strong 
condition to restrict dimensionality for the electric-magnetic dualities in path integration 
formulation. If we want to dehne the electric-magnetic dualities without using the sec¬ 
ond relation, we can extend the electric-magnetic dualities from four dimensions to all 
dimensions. Naively, this is still a suitable dehnition for the electric-magnetic dualities. 
One should think about the degrees of freedom between the electric and magnetic helds. 
In the abelian one-form Yang-Mills theory, we have an equal number of degrees of free¬ 
dom in both the electric and magnetic helds in four dimensions. This means that the 
electric-magnetic dualities lose the standard meaning in other dimensions (other than 
four dimensions). In four dimensions, we have possibilities to hnd a map between the 
electric (or magnetic) held and dual magnetic (or electric) held. But we do not have this 
kind of map in other dimensions. If we want to maintain the standard meaning of the 
electric-magnetic dualities, the Poincare lemma should be important. If we only replace 
dhy D = d + Am the Poincare lemma, this lemma should not be valid without putting 
in more conditions. Then a direct generalization from the abelian Yang-Mills theory to 
the non-abelian Yang-Mills theory should be impossible. A dehnition or operation must 
have workable or calculable properties. Before we give a clever dehnition, we use a work¬ 
able or calculable dehnition without using too restricted conditions. In other words, we 
only use the hrst condition to dehne the electric-magnetic dualities in non-abelian gauge 
theories. This might not be a smart dehnition to dehne the electric-magnetic dualities 
in non-abelian gauge theories, but this should be calculable. A smart dehnition should 
have a restriction on dimensionality without losing the standard meaning of the electric- 
magnetic dualities. However, we do not have this kind of lemma at non-abelian level. 
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Even without this lemma, the electric-magnetic dualities still exchange strong and weak 
coupling constants for the non-abelian gauge theories in this method. We can map the 
ordinary gauge theories to the dual gauge theories by exchanging the ordinary and dual 
gauge helds, and using ordinary electric and magnetic helds simultaneously to hnd the 
dual electric or magnetic helds. A main problem in the non-abelian gauge theories comes 
from the covariant property. In the abelian gauge theories, the equations of motion do 
not depend on gauge potentials, but the non-abelian gauge theories do. This is why 
we lose the Poincare lemma in the non-abelian gauge theories. Dependence on gauge 
potentials implies that exchanging the electric and magnetic helds is not a suitable op¬ 
eration for the electric-magnetic dualities. But this does not mean that we cannot have 
a modihed Poincare lemma to put restrictions on dimensionality. We believe that the 
electric-magnetic dualities should work in four dimensions with equal degrees of freedom 
between the electric and magnetic helds for the non-abelian Yang-Mills theory. The non- 
abelian p-form theory has one interesting feature in the electric-magnetic duality. In order 
to have a gauge covariant property, we need to introduce a non-dynamical gauge potential 
except for the one-form gauge potential. Then we hnd that the electric-magnetic duality 
does not dual the non-dynamical degrees of freedom. Since electric-magnetic dualities 
have diherent physical meanings for diherent methods, we perform three methods on the 
non-commutative U{1) gauge theory and compare their diherent physical implications. 
The non-commutative U{1) gauge theory has a non-abelian-like structure which comes 
from the Moyal product and this theory can be described by the held strength without 
using gauge potentials. The non-commutative U{1) gauge theory simultaneously has two 
interesting properties so we can compare meanings in diherent electric-magnetic duali¬ 
ties. In the hrst method, we do not have restrictions on dimensionality, but we have the 
same form of action after performing the electric-magnetic duality. The ordinary electric 
and magnetic helds, and dual electric and magnetic helds are covariant quantities. From 
a symmetry point of view, electric and magnetic helds being covariant held strength 
should be nice. In the second method, we use the Seiberg-Witten map to rewrite our 
theory in terms of abelian held strength. This symmetry structure helps us to avoid 
difficulties of the non-abelian-like structure. Due to this rewriting, we have restrictions 
on the number of dimensions. In the third method, we consider large background limit 
in the non-commutative theories. We use held redehnition and perturbation to study the 
electric-magnetic duality. If one naively performs the electric-magnetic duality, one will 
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find non-locality in the dnal action. However, this non-locality should not be real because 
we can use a suitable gauge hxing to remove them. We perform the exact calculation 
up to the hrst order. At the second order, our calculations only concern the classical 
information. The electric-magnetic dualities did not extend to this order due to the non- 
Gaussian effects being difficult to handle. However, we obtain a consistent result and 
give a string interpretation to this duality. The electric-magnetic dualities invert the cou¬ 
pling constant so we cannot use the perturbation method to study the electric-magnetic 
duality. The primary reason is due to the fact that our perturbative parameter is the 
non-commutativity parameter (large antisymmetric background). Even if we go into the 
strongly coupled regime under electric-magnetic duality, the dual effective theory is still a 
well-dehned theory under the decoupling limit. In this comparison, one should hnd that 
the non-commutative U{1) gauge theory is different from the non-abelian gauge theories 
although they have the similar structure. Due to this reason, we also perform the electric- 
magnetic dualities in the non-commutative theory with the non-abelian structure. The 
hrst method we used in the non-commutative U{1) gauge theory is still applicable in 
this kind of model. This kind of theory should have some applications in the multiple 
branes theory. This is also our motivation to study the non-commutative theory with 
the non-abelian structure. However, our studies should provide a generic analysis for 
electric-magnetic dualities in path integral formulation. 

One important problem related to the electric-magnetic dualities is the multiple M5- 
branes. One consistency check in the multiple M5-branes theory is on the multiple D3- 
branes for the electric-magnetic dualities after compactifying 2-torus with different or¬ 
derings. A low energy effective theory of the multiple D3-branes on the non-commutative 
space should be the non-commutative Yang-Mills theory at leading order. If we believe 
that the first method we used in the non-commutative U{1) gauge theory is a good def¬ 
inition for the electric-magnetic dualities, we already obtained the consistency for the 
electric-magnetic dualities. One problem in the multiple Dp-branes is the effective action 
in a large R-R background limit. So far we did not have a consistent action based on 
gauge symmetry, T-duality and S-duality in the Poisson limit. Based on these condi¬ 
tions, this model should not be difficult to construct. The main non-trivial consistency 
is an expected duality between two-form gauge potential in the multiple M5-branes and 
one-form gauge potential in the multiple D4-branes. We leave this interesting work to 
the future. 
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The Nambu-Poisson M5-brane provides a R-R D3 brane from dimensional rednction. 
Becanse the Nambn-Poisson M5-brane is valid at the second order, the R-R D3-brane 
cannot go beyond this order. A conjecture for the full order is given, but symmetry (gauge 
symmetry and supersymmetry) is not totally understood to all orders. A complete study 
should give a complete action. This should give us a motivation to check the electric- 
magnetic duality for the R-R D3-brane to all orders. This study should motivate many 
low-energy effective theories in many different aspects. 

The most important and fundamental issue is how to improve dehnition of the electric- 
magnetic dualities for the non-abelian gauge theories. In abelian gauge theories, we relate 
electric (magnetic) helds to dual magnetic (electric) helds in path integral formulation. 
From an equation of motion in the non-abelian Yang-Mills theory, exchanging electric 
and magnetic helds should not be a suitable operation for the electric-magnetic dualities 
in the non-abelian Yang-Mills theory. When treating an one-form gauge potential in the 
electric-magnetic duality, one has a non-trivial determinant factor in partition function. 
Based on this non-trivial factor, a modihed Poincare lemma is difficult to dehne in path 
integral formulation. We have a no-go theorem [16] to show that the electric-magnetic 
duality cannot be performed on the non-abelian Yang-Mills theory with an invariant 
equation of motion and the Poincare lemma. However, a condition of restricting dimen¬ 
sionality allows us to keep the standard meaning for electric-magnetic dualities. The 
other approach is to modify the dehnitions of the electric and magnetic helds in the non- 
abelian gauge theories. A quantity which can be observed should be gauge invariant. We 
do not insist on a gauge covariant dehnition for held strength. A main problem in the 
electric-magnetic dualities of non-abelian gauge theories comes from the gauge covariant 
property. The gauge covariant property also lead to the ambiguities of the entanglement 
entropy. The entanglement entropy [17] in gauge theories is not a gauge invariant quan¬ 
tity in a tensor product decomposition of the Hilbert space. A proposal is to consider 
non-tensor product decomposition with a non-trivial center between two regions. In the 
abelian gauge theories, this proposal should be well-understood. For the non-abelian 
gauge theories, the entanglement entropy may suher from the gauge covariant problem. 
Dehning a gauge invariant entanglement entropy will be difficult. This direction should 
help us understand more about holograph, black hole, and thermal entropy [18]. Candi¬ 
dates of gauge invariant quantities are det(F) and Wilson loop. A full gauge invariant 
construction should be interesting and could affect our understanding of gauge theories 
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from different ways. Another approach of electric-magnetic duality is to include all spin 
fields with general relativity [19]. In this case, we do not use duality rotation to perform 
the electric-magnetic duality. 
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